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Theoretical studies of the electronic struc-
tures and spectra of complex aromatic mole-
cules seem to be of increasing importance
from various viewpoints. The electronic spec-
tra and electronic structures of substituted
aromatic hydrocarbons for instance, have been
the subject of a number of theoretical investi-
gations.!~1®

Baba and Suzuki'® have made a comparative
study of the electronic spectra of phenol and
aniline and also of those of naphthols and
naphthylamines. These calculations, as well
as those by some of the other investigators,’®
employed molecular orbitals delocalized over
all the cores of the molecules, in contrast to
the method of the composite system, where a
molecule is regarded as being made up of
several fragments and where the interactions
among the wave functions of these fragments
are calculated to give the wave functions for
the whole molecule.”®> The latter method is
quite suitable for determining the correlation
between the spectrum of a molecule and the
spectra of fragments of which the molecule is
composed and also for ascertaining the extent
of charge transfer (CT) interaction among
these fragments in the molecule.

Of course, these two methods are not es-
sentially independent of each other. Recently,
Fischer-Hjalmars'®® has developed an elegant
method for transforming the wave functions
calculated by the former method into those
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obtained by the latter method using natural
spin orbital of Léwdin ;!*> she has applied that
method to toluene and aniline. In the case of
aniline, the result of this transformation was
rather close to the wave functions calculated
by Murrell” with the method of the composite
system.

As has been said above, the electronic spec-
trum and the electronic structure of aniline,
among other amino-substituted benzenes,
have been studied in detail. However, the
electronic structures and spectra of poly-sub-
stituted amino-benzenes have not been studied
in detail.

Because of the strong conjugation of the
amino group with the =-electron system of
the aromatic ring, perturbation methods* seem
to be poor approximations for systematically
interpreting the electronic spectra of amino-
substituted aromatics; therefore, a variational
method should be employed for this study.

Because of this strong conjugation power of
the amino group, the electronic structure of
the aromatic hydrocarbon will be considerably
affected by this substitution. Actually, K&hler
and Scheibe!® have demonstrated that s-tri-
aminobenzene is easily protonated on the ring
carbon in an almost neutral aqueous solution,
whereas aniline, as well as m-phenylenedi-
amine, is protonated on the amino-nitrogen.
This is a remarkable example of substitution
effecting a large change in the physico-chemi-
cal property of a molecule.

We have studied this very interesting pheno-
menon by means of molecular orbital calcula-
tions and have shown that the calculated elec-
tronic spectrum of the protonated s-triamino-
benzene agrees satisfactorily with the observed
spectrum, and also that the quite large proton
affinity of this molecule is in accordance with
the results of the calculations.'®?

In view of the circumstances described above,
it seems to be desirable to study the electronic
spectra and electronic structures of amino-sub-
stituted aromatics in a more systematic way.

14) P.-O. Léwdin, Phys. Rev., 97, 1474 (1955).
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Accordingly, we have taken up several amino-
benzenes, such as aniline, isomeric phenylene-
diamines (PDA) and s-triaminobenzene (TAB),
and also several amino-substituted nitrogen
heterocycles, such as 4-amino-pyridine, 1, 4-di-
aminotetrazine and melamine.

In the present report, mainly the results for
amino-substituted benzenes will be described.

Method of Calculation

Although our method of calculation in this
report is based on the semiempirical ASMO
method!2:17.18) with a zero differential overlap, we
have tried various approaches including the
VESCF1.20> calculation on p-PDA, because the
electronic structures of amino-derivatives appear to
be much more complicated than those of parent
hydrocarbons and simple n-heterocycles, where the
-CH-= groups of the parent hydrocarbon are replaced
by -N=.

One of the difficulties with calculation using the
MO’s delocalized over all the cores of the molecule
is the assessment of the core potential at amino
nitrogen, which can contribute two electrons to
the =-system, in contrast to the case of aromatic
hydrocarbons or n-heterocycles, where the core
potentials for m-electrons are fairly uniform. A
similar difficulty arises in the case of pyrrole, for
which Brown and Heffernan used the VESCF
method.20

The outline of our procedure of calculation is
as follows:

i) The calculation of Hiickel MO’s, assuming
appropriate values of Coulomb and resonance para-
meters (an=a+1.28, Ben=519).

ii) The antisymmetrization of Hiickel MO’s.

iii) The calculation of electronic spectra invok-
ing configuration interaction (CI) or SCF calcula-
tion using Hiickel MO’s as the starting wave func-
tions, and then the calculation of the electronic
spectra by the CI method.

Although the necessary formulas for the ASMO
CI calculation have been given elsewhere,!7.19) they
will now be described briefly.

The Hiickel MO’s (¢;’s) are expressed by linear
combinations of 2pr AO’s (¢y----¢sy) of carbon
and nitrogen:

2n
ﬂf’l:?‘—'msﬁ'# N

The Hamiltonian for 2m
written as :

n-electrons can be

22 =51 22 core £ S ot/ @
fi <]

where G ;°°r¢ is the core Hamiltonian for the ith
electron and r;; is the interelectronic distance.
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By means of the Fock Hamiltonian, F=@core

+G, the apparent orbital energies are expressed by :

¢i=(Qi |F| 9> = cinciy {$u|F| $u)=3 cintivFuy
oy v

(3)

Putting {($x()| 0| ¢, (i)>=Buy, the matrix
elements of Fock Hamiltonian in terms of AO’s
are written as:

Fpp=—TIu+ (I/Z)Pﬂﬂr##+‘§ (Pee=Ze)en
]
Fp, =Bpv—(1/2) Puy7 s
The excitation energies for the i-—» k transition,
E(13% i) =132k | 22| V3 k) — (0 | 22| %0, Where
%o is the ground electronic configuration, and the

interconfigurational matrix elements, (43|22 |-
13X 1>, are calculated by the following equations :

E(13 %) = (ex—ei) — (Kik |G| ik) ~ ik |G lki))
+{ik|G|ik) (5y
(3L ip [ 1193010 = e — (Cik |G Ll
— (k|G D) +<ik |G iy, k=l (6)
QA | 2| Vo juy = —eji— ((kj| G kiy

—(kilGlik)) £<kjiGliky,  j=i (7y
O | 21 V30 o= — (k|G L ily— Gk |G 1iy)

+ k|G lliy,  ixj, k=l (8)
QAip |2 Xe>=1"2 eri (9

In these equations, ep;={(¢p|F| ¢, (kiG|lid>=
(i dr(Dlet/rijl ¢1(D)¢i(j)>, the + signs before
the last terms in the right hand side are for
singlets, and the — signs are for triplets. Thus,
only the singly-excited configurations and the ground
configuration are taken into account.

In the case of the SCF calculation, the secular
equation :20

ZFvafv=£fcr'# (10)
v

must be solved by an iterative procedure.

In the VESCF method of Brown and Hef-
fernan,!%20 the SCF procedure involves the de-
pendence of all the integrals except 8., on the
charge distribution, Pug.

The wave function, ¥, for an electronic state is
given by a linear combination of %’s. The oscil-
lator strength, f, is calculated by the following
equation :

f=0.08754<vo, 3 [m}]2 (11y
r=x,v¥,2
where v, is the excitation energy in units of eV.
of the transition from the ground state, ¥,, to an
excited state, ¥,. The necessary formulas for the
calculation of the transition moment, m’,, have
been given elsewhere.170

Let us now consider the evaluation of integrals.
They have been evaluated by semiempirical pro-
cedures. Z.=1 for the carbon core and Z,=2 for
the core of amino nitrogen, which contributes two
electrons to the =-system. The I, values for carbon
were taken to be 11.42eV., and that for the amino
nitrogen, 28.85eV.22

21) 1. A. Pople, Trans. Faradaday Soc., 49, 1375 (1953);
Proc. Phys. Soc., A68, 81 (1955).
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7re'S were evaluated by the same procedure as be-
fore.!®23.2  For the evaluation of m” and ra,, all
nearest neighbor C-C bond distances are assumed
to be 1.39A, and those of C-N bonds, 1.36A.%
The core resonance integral, fu,, was taken into
account only for the nearest neighbors and was
neglected for more distant neighbors; the same
value as before!®2%.26) was used for Scc, namely,
Bcc=—2.388eV. However, the most suitable value
for Scw in the present approximation is not yet
known. We have calculated the electronic spectrum
of p-PDA assuming various values for Scn in order
to find out the Scn value which fits the observed
excitation energy. In this way, the best value of
Bew for reproducing the excitation energies to the
first and the second excited singlet states has been
found to be —3.6eV.

We have calculated the electronic spectra of
some amino-substituted benzenes and nitrogen
heterocycles, such as aniline, p-PDA, TAB, 4-amino-
pyridine, 4,4'-diaminotetrazine and melamine, with
this 3cn value. However, the agreement between
the calculated and observed spectra is not very
satisfactory with this fcy value.

One of the main causes for this unsatisfactory
agreement seems to be as follows. The value of
I, for the amino-nitrogen (28.85eV.) used in the
above calculation (Approximation A) is the ioniza-
tion potential of the 2pz electron of N* in the
trigonal hybrid state. This value appears to be
too large ; the real value is probably smaller than
this value and a little larger than that for neutral
nitrogen because the actual core for a =-electron
at amino-nitrogen is not N2+ but is partially
shielded because of the existence of another =-
electron. Moreover, this value of fcy seems to
be too large because the overlap between the 2p=x
AO's on the amino-nitrogen and the substituted
carbon respectively may not be larger than the
corresponding overlap between the nearest neigh-
bor carbons.

In view of these circumstances, we should ex-
amine other semiempirical procedures more appro-
priate to the present case. One of the possible
procedures is to regard Ip or Fup for amino nitro-
gen as an adjustable parameter and to select the
most suitable value for reproducing the observed
spectra satisfactorily. For this purpose, we have
used a simplified procedure which gives appropriate
values for the Fuu’s of amino-nitrogen, That is,

{Funy=<{Fccrav+on-{Fizoav (12)

where {(Fgerav is the simple arithmetic mean of
Fup's for carbon, (Fi2>av is the same quantity of
Fu,’s for the nearest neighbor carbon-carbon
bonds, and dnx is the Hiickel MO parameter for
the Coulomb integral of nitrogen, 1.2.

When {(Fuu> of Eq. 12 instead of Fuu of Eq. 4
is used for amino-nitrogen, the most suitable value
of the core resonance integral gcny appears to be
—2.399eV., the fcc value being the same as before.

22) S. Mataga and N. Mataga, Z. Phys. Chem. N. F., 19,
231 (1959).

23) K. Nishimoto and N. Mataga, ibid., 12, 335 (1957);
N. Mataga and K. Nishimoto, ibid., 13, 140 (1957).

24) N. Mataga and K. Nishimoto and S. Mataga, This
Bulletin, 32, 395 (1959).
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Therefore, in this approximation, Scn=fcc; this
result seems to be physically reasonable.

For a more refined calculation, the VESCF
method of Brown and Heffernan!®.20> may be used.
An analogous idea of ‘ differential ionization™
has been proposed by I'Haya.?®

In the VESCF method, it is assumed that Slater’s
rule for the effective charges of atoms is applicable
to a continuous variation in electron density.
Accordingly, the effective charge, Zu, of the p
atom is expressed as a function of Pup:

Zu=Nu—2u—0.35(au+ Puy) (13)
where N is the atomic number and op is the
number of o-electrons associated with the g atom
in the molecular framework, e.g., 3 for carbon
and the amino-nitrogen. iz is the contribution
from the inner shell electrons, and ix=1.35 for
carbon and nitrogen in the present case.

If the Ix’s are plotted against the Z,'s for the
(sp?, V4) valence state of the iso-electronic series,
C, N* and O?*, and for the (sp*, V;) valence state
of the iso-electronic series, C-, N and O* re-
spectively, the curves are accurately parabolic. In
this way, the form of the relationship between the
valence state ionmization potential, I, and Z, has
been established.?®> Therefore, 7u,'s can be calcu-
lated easily from the relations :

Tun(sp?®, V) =Iu(sp?®, Vi) —Au(sp?, Vi)
=1p(sp?, Vi) —Iu(spt, Vi)
Quu=14.3949/7 uu
and
a#v=2a!‘#av n/ (a.ﬂ'}‘ +ay u)
Thus, in this SCF procedure, the Ix's and 7a,’s

become functions of Puu's from their dependence
on Z,'s. We have applied this method to p-PDA.

Results and Discussion

The Hiickel MO’s and MO energies of
aniline and isomeric PDA’s are given in
Appendix I. The numberings of the atoms in
these molecules are given in Fig. 1. The MO’s
and MO energies of TAB are given elsewhere.!®>
C.y symmetry is assumed for aniline, o- and
m-PDA, while D;n symmetry is assumed for
p-PDA.

Using these Hiickel MO’s, the electronic
spectrum of p-PDA was calculated, assuming
various Bcx values as described in the Method-
of-Calculation section. The results are indicated
in Fig. 2. The observed excitation energy to
the lowest excited singlet state of p-PDA is
nearly 4eV. This value can be repoduced by
taking either Scn=—12eV. or Bex=—3.6¢eV.
However, with Scx=—1.2¢V. the disagreement
between the calculated and observed values of
the excitation energy to the second excited
singlet state is considerable (observed value

25) Y. I’Haya, Mol. Phys., 3, 513, 521 (1960).
26) S. Mataga and N. Mataga, This Bulletin, 32, 521
(1959).
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TaABLE I. CALCULATED ELECTRONIC SPECTRA OF ANILINE AND p-PDA (APPROXIMATION A)
IN COMPARISON WITH THE OBSERVED VALUES
Aniline
—E, eV. State function fealed  hvobs, €Y.  fous
—0.0038 (1Ay)e 0.9997 Xy +0.00621X 45+ 0.01741 %35+ 0.01331% 3¢
4.7315 (Bi)1 0.8906'% 45 —0.44571 % 35+ 0.08981% o5 0.048 4,332 0.0262>
5.8192 (*A: 0.0140 %y —0.8867'%4—0.46091%3;,—0.03391%5;  0.19 5.292 0.17s
6.5055 (‘B 0.39641% 45+ 0.85771 X 36+0.32731 X 25 0.53 6.29% —
6.7601 (*Adu 0.0115 %y +0.45641% 46— 0.88491% 35+0.09241% 26 1.18 — -—
8.8382 (*B1) 11 0.22291% 45+0.25601 % 35— 0.94061X 35 0.60 - -
9.2173 (*Ay) 0.0139 Xy +0.07271%45—0.06611%35—0.99511 % o4 0.039 — —
3.3026 A, 0.74198% 35+ 0.65373% 46— 0. 14903 ¢ 0 3.32» —
3.7528 3B, 0.96393% 45+ 0.24358%35—0.10738% 45 0 — -
3.9669 A, 0.66583% 35 —0.74453% 46+0.04863% 24 0 — —
5.0724 2B, 0.2543%%45—0.961737 35+0.10183% 5 0 —_ _
7.4190 A 0.07918% 35+ 0.13523% 45-+0.9876% X 5 0 — —
7.5601 3B, 0.07843% 45+0.12553% 36+0.98903% o5 0 — —
p-PDA
E, eV. State function featea  hvons, €V. log eMEx
—0.0077 1Ag* 0.9995 %o +0.0300! %37
3.9958 1Byu~ 0.88161%55—0.47201 %7 0.07 3.930  3.30
5.4923 1Boy * 0.94101% 57 +0.33851 %45 0.47 5.04% 3.9
6.0996 1By, * 0.47201%55+0.8816 247 0.75 — -
6.7012 1By~ 0.3385125;—0.94101 %44 1.15 — —
7.6985 1Byg o 0 - -
8.5038 1Ag™ 0.0300 %o —0.9995'%5; 0 — —
2.9611 Byt 0.97393% 5+0.2268%X 47 0 _— —
3.1059 3By * 0.8114%%5;+0. 5843324 0 - -
3.8815 *Bou~ 0.5843%)5;—0.81143% 45 0 - -
4.6262 By~ 0.2268%55—0.9739%% 47 0 — ~
6.7462 "Byg 7 0 — -
7.3274 3Ag 83X 57 0 _ -

a) See Ref. 12.

b) M. Kasha, Chem. Revs., 41, 401 (1947).

c) W. F. Forbs and I. R. Leckie, Can. J. Chem., 36, 1371 (1958).
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~5eV.). Accordingly, Bcx=—3.6eV. has been
chosen in this approximation.

A Comparison of the Calculated with the
Observed Spectra. — Using this Scx value, the
electronic spectrum of aniline has been calcu-
lated and a more extensive CI calculation of
p-PDA than that given in Fig. 2 has been
carried out. The calculated results are shown
in Table I, together with the observed values.

The calculated excitation energies are a
little larger than the observed values. The
calculated relative spacing among 'Ag*, 'Bs.~
and 'B:.* states of p-PDA is especially un-
satisfactory. That is, the calculated energy
difference, E('B:;,*)—E(*B;."), is ca. 0.5eV.

Electronic Spectra and Structures of Aminobenzenes 1611

larger than the observed value. Even if we
use other values for Scy between —2eV.~
—3.6eV., this unsatisfactory result is not very
much improved, and with PBcx values other
than —3.6eV. the agreement between the
observed and calculated excitation energies to
the 'Bsa~ state become worse, as can be seen
from Fig. 2. Thus, the present approximation
seems to give rather unsatisfactory results.
The reason for this may be the use of too
large a value for I, or Fxx, as has already
been discussed in the Method-of-Calculation
Section. Accordingly, we have tried the next
approximation, i.e., the use of Eq. 18. The
electronic spectra of aniline and p-PDA as

TaBLE II. CALCULATED ELECTRONIC SPECTRA OF ANILINE AND ISOMERIC PDA’s
(APPROXIMATION B) IN COMPARISON WITH THE OBSERVED VALUES¥
Aniline
E, eV. State function Sealed
—0.0100 (1A4)o 0.9992 Xy —0.03791 % 4+0.01501% 55 —
4.5224 ('By)1 0.88511%45—0.46531% 34 0.05
5.4552 (‘A 0.0305 %y -+0.9405' % 45+0.33841 % 45 0.31
6.5556 (Bt 0.46531%45+0.88511 34 0.84
6.7148 (*An 0.0269 %y +0.33781%46—0.94081% 55 1.04
p-PDA
E, eV. State function Sfealea
—0.0081 1Ag™ 0.9998 %y —0.01591%4; —
3.8957 1Bay~ 0.83421%56—0.55141% 47 0.04
5.1268 1Boy * 0.96591% 5;-+0.25891 X 45 0.52
5.7989 1Bgy * 0.55141 % 56-+0.83421 X 47 0.77
6.6660 1Boy~ 0.25891%5;—0.96591% 45 0.99
6.9036 1A+ 0.0159 %, +0.99981X 57 0
0-PDA
E, eV. State function Sfeatea  hvons, €V.  logefis®
—0.0784 1A, 0.9931 X —0.1045'%5+0.0525' % 4, - — —
4.3423 1A, 0.0661 %y +0.8719 %55+ 0.48521% 47 0.09 4.29 3.5
5.0209 1B, 0.93441% 4, —0.35611% 4 0.22 5.26 3.8
6.0700 1B, 0.35611%57+0.93441 % 44 0.62 — —
6.2653 1A, 0.1228 %o —0.55761 %55 +0.8210'% 47 1.34 — —
3.0737 B, 0.87233%5;—0.488937 4 0 — —
3.0843 3A, 0.98083%56—0.19473% 4, 0 — —
3.7112 B, 0.48893%57+0.8723%% 57 0 — —
4.5082 3A, 0.194737% 56+ 0.98083% 4, 0 — —
m-PDA
E, eV. State function featea  hvons, €V.  logefys®
—0.0131 1A, 0.9988 %, —0.04891%5;—0.0065' %4 — — —_
4.4527 1B, 0.82791%56—0.56081% 47 0.03 4.23 3.4
5.2759 14, 0.0467 ¥ +0.88911%5;4+0.45521% 4 0.19 5.16 3.8
5.9196 1A, 0.0231 %y +0.59111%5;—0.80621% 46 0.65 —_ —
5.9793 1B, 0.56081%56+0.82791X 47 1.31 — -
3.0501 3A, 0.9205%%5;+0.39073X 45 0 — —
3.3867 3B, 0.9306%% 56+0.36593% 47 0 — —
4.0046 SA 0.3907%%5; —0.92053 46 0 — —
4.3946 B, 0.36593X 56 —0.9306%X 4; 0 - -

* The observed values are taken from Ref. ¢ of Table I.
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well as those of o- and m-PDA have been
calculated with this approximation.

The calculated results are shown in Table
II, where the observed results for o- and m-
PDA are given for purposes of comparison.

One can see from Tables I and II that the
agreement between the calculated and the
observed excitation energies is more satisfactory
in Approximation B than in Approximation
A, although less extensive configuration interac-
tions are invoked to obtain the results given
in Table II.

The calculation predicts that the excitation
energies to the lowest excited singlet states of
o- and m-PDA will be larger than that of
p-PDA ; this is in accordance with the observed
results. Furthermore, the values of the ex-
citation energies themselves, as well as the
relative spacings among the excited states,
are given correctly.* These results appear to
support the agreements described in Sec. II
against Approximation A. However, the pro-
cedure of Approximation B seems to be rather
arbitrary. Therefore, we have examined a
more “ theoretical ” procedure, i. e., the VESCF
method, in the case of p-PDA.

The calculated spectrum and the VESCF
MQO’s are given in Table III and Appendix II
respectively. The Bcx value used in this
calculation was the same as that in Approxi-
mation B.

As one can see from Table III, the calculated
excitation energies are a little smaller than the
observed values, although the energy difference
between the !B;.* and 'B;,~ states is correctly

TasLE III. THE CALCULATED ELECTRONIC
SPECTRUM OF p-PDA (VESCF METHOD)

State function hy, eV. f
Ag Lo —
1Bay~ 0.9624'%5—0.2715% 5 3.5693 0.12
1Boy*  0.98191%.;4+0.18921% 4 4.7091 0.69
Bay™  0.2715'%55-+0.96241% 5; 6.6306 0.64
Boy~  0.18921%5;—0.98191 X4 6.6332 0.98
Big o 5.5513 0
Ag Ly 6.3188 0
Bay ™ 0.9624%%5:+0.2714% X35 2.4436 0
Bay*  0.99303X56+0.11825%,; 2.5324 0
3Bay~  0.27143%5;—0.9624%) 4 3.7282 0
Bgy - 0.1 1323155—0.9930323? 5.3898 0
3Big Ly 4.8127 0
Ag 34z 4.8400 0

* Quite recently, the electronic spectrum of aniline
has been examined in detail up to the vacuum ultraviolet
region (K. Kimura, H. Tsubomura and S. Nagakura, pre-
sented at the 16th Annual Meeting of the Chemical Society
of Japan, April, Tokyo, 1963). According to this measure-
ment, the energy difference between ¥ (!By)rrand ¥(*A )1
amounts to 0.33eV. In our present study, it is calculated
to be 0.26eV. in Approximation A and 0.16 eV. in Approxi-
mation B.

Noboru MATAGA

[Vol. 36, No. 12

given. It seems to be possible that one can
fit the observed spectrum if one selects a
somewhat different Scx value and repeats the
SCF calculation. However, we shall not
attempt such a calculation here, for this is
quite a laborious procedure.

The Relation between the Simple Hiickel MO
Calculation and the Present One. — In the
present method, the electronic repulsions are
explicity taken into consideration in the calcu-
lation of the electronic spectra. However,
because of the zero differential overlap ap-
proximation, the present method appears to
be essentially similar to the simple Hiickel
MO method. Among the matrix elements of
the Fock Hamiltonian, the diagonal -element,
Fuu, and the non-diagonal element, Fu,, be-
tween the nearest neighbor AQO’s have ap-
preciable values, whereas the F,, between the
more distant neighbors has a very small value.
This circumstance corresponds quite well to
the fact that, in the simple Hickel MO
method, only the Coulomb integral, «, and
the resonance integral, 8, between the nearest
neighbor AO’s are taken into account. Further-
more, the F.x values for the ring carbons are
not very different from each other through-
out the mono-, di- and tri-substituted amino-
benzenes. The Fu, values for the ring carbons
of these compounds are in the range —5.5eV.~
—6eV.; the average value is ~—5.8eV. This
value is rather close to that of the alternant
hydrocarbon, —6eV.

Fu» in Eq. 4 can be rewritten as:

Fup=—Uu+Ap) /24 (Ppp—1) "7 pu/2

+ 23(6Q:)7ux (14)
Exp

where 6Q.=(Pc:c—Z.). When the pth atom

is one of the ring carbons, this equation can

be further rewritten as:

Fpp(C)=—Tp+Ap)/2— (6Qpu) *70u/2
+35 (500) 70 (15)

If the electron distribution of the parent
hydrocarbon is not very much disturbed by
the substitution, the Fuu(C) value may be
close to —(Uu+Au)/2, the Fuu(C) value of
the parent hydrocarbon, because the dQ values
are small in this case.

As has been described above, this circum-
stance seems to hold approximately, even in
the case of amino-substituted benzenes, in
spite of the great conjugation power of the
amino group. We can expect that Fuu(C)
will become smaller when the Hiickel MO
parameter, dx, becomes smaller. Actually, if
we assume dx ~0.8 in the case of TAB, Fpu(C)
becomes ca. —5.0eV.
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Fig. 3. Fpup values of some aminobenzenes.
(a) Approximation A. —— Aniline
—— p-PDA —.— TAB

(b) VESCF approximation for p-PDA.
p#=7 is for the amino group of TAB.

Some examples of the Fu, values in aminc-
benzenes are shown in Fig. 3.

As has been described at the beginning of
this article, we have calculated the electronic
spectra and electronic structures of some
aminobenzenes protonated on the ring carbon,
employing the localization model.'®> In this
case, for example in the benzenium ion, four
electrons move in the field of five positive
carbon cores. Therefore, the core field is much
stronger in this case than in the case of
neutral aminobenzene molecules, although,
again in this case, we can observe that the
Fuu(C) values are fairly uniform. Namely,
Fuu(C)= —10=0.5eV., throughout aniline pro-
tonated on para-carbon, m-PDA protonated on
the carbon atom at the ortho-position to both
amino groups and TABH*. This Fuu(C) value
is rather close to the average Fun.(C) value of
the benzenium ion, —10.5eV.

The non-diagonal matrix element, F,.(C),
between the nearest neighbor carbon AO’s may
be rewritten as:

1
FlE(C) :4'912_ 2 (PDI2+AP12)rI2

=F",— ; (4Py2) 712 (16)
where F’ is the matrix element of the parent
hydrocarbon because, in the present approxi-
mations except for the VESCF method, the
B1. and 7., are the same as those of the parent
hydrocarbon.

We can observe that the F;,(C) values are
not very different from each other through-
out the aminobenzene molecules. The average
value for these molecules is —4.063eV.; this
is close to the F2(C) value for benzene,
—4.1538eV. However, as Fig. 4 shows, we
can observe a definite linear relation between
the Fi.(C) value averaged over all the nearest
neighbor pairs of an aminobenzene and the
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~415%
2 -410
'
~ -4.05}

0.1 0.2 0.3 0.4 05
dq

Fig. 4. (F>av versus dg relation for amino-

benzenes.

dq value, the total of the charge which has
migrated to the ring from the substituents.

Because the F;2(C) value in the present
approximation is essentially determined by the
Py; value, this fact indicates the linear relation
between 4g and P, averaged over all the
nearest neighbor p-v pairs ({Pi2)), as is shown
in Fig. 5.

Remarks on the Relations among the Charge
Migrations, Bond Orders and the Extra De-
localization Energies. — As Fig. 5 shows, the
linear relation between {P:.) and 4g seems to

0.65° @Lrsoan A

0.60+

{Po)
E)
§/
g

L
0.55
11
0.50 . . )
0.0 05 1.0 15
4q
Fig. 5. (P> versus dq relation for some sub-

stituted benzenes.

(D, (3, @: 6x=1.5, Bcx=0.75

(2), (5), (6), (M: dx=1.2, fcx=4

(8). 5}(_—08, ﬁcx=}9

(9): dx=0.5, fcx=§

(10), (11): dx=0, fcx=§

The values for the case of x=1.5and fcx=
0.78 are taken from Ref. 27 and others are
calculated by the present author.
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hold almost exactly, at least in the case of
the benzene derivatives, because the number
of the substituents and the Coulomb para-
meter dx are varied from 1 to 4 and from 0
to 1.5 respectively, and the parameters for the
resonance integral, Bcx, are of two kinds, 0.7
and 1.0.

Thus, the linear relation in this case can be
expressed as;

{P12)y={P12)o—(0.11) - dq an

where {(P;:>¢=2/3, the bond order of benzene.

Furthermore, we can see an almost complete
linear relation between the extra-delocalization
energy (vertical), J¢ and 4gq, as can be seen
from Fig. 6. The de¢ versus dq relation in
Fig. 6 involves various amino-substituted
nitrogen heterocycles in addition to the amino-
substituted benzenes. The Hiickel MO para-
meters for the amino group of the former
compounds are the same as those of amino-
benzenes, and the parameters for the ring
nitrogen are the same as were used before,!®?
i.e., dx=0.5 and Sex=p. The analogous linear
relation between de¢ and 4gq has already been
demonstrated for hydroxy derivatives of ben-
zene and naphthalene, assuming do=1.5 and
Bco=0.78.27

Qualitatively speaking, we can expect a
larger 4q value, the greater the Je value, in
accordance with the concept of the intra-

15
1.0
uy
=
0.5
(2)
(1)
T T ™ T T
01 02 03 04 05 06
dq
Fig. 6. de versus dq relation for some amino-
substituted benzenes and nitrogen hetero-
cycles.
(1) Aniline (2) 4-Aminopyridine

(3) p- and o-PDA (4) m-PDA
(5) 4,4'-Diaminotetrazine
(6) TAB %)
de is in unit of —g.

Melamine

27) K. Nishimoto, This Bulletin, 32, 445, 699 (1959).
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molecular charge transfer interaction.”-®:11.28
Furthermore, we can anticipate a smaller
{Py1z» value, the larger the d4q value, because
the charge is transferred from the substituents
to the antibonding orbitals of benzene or N-
heterobenzenes.

As we can see from Appendix I and Figs.
5 and 6, the de, dg and (P;;) values of sub-
stituted benzenes are approximately propor-
tional to the number of the substituents when
the same parameter value is used for the
substituents. This fact suggests that we may
be able to derive such a proportionality rela-
tion by the perturbation method. However,
this ‘proportionality and the linear relations
seem to be rather peculiar, especially in view
of the strong conjugation power of the amino
group, which probably invalidates perturbation
calculation. Nevertheless, we will examine
here whether such a perturbation calculation
is possible or not in the case of amino-sub-
stituted alternant hydrocarbons.

Now, the energy matrix for the secular
determinant may be written as follows ac-
cording to the LCMO approximation :

sl.bv Ufl “'?e{c"'?l‘;u ‘,'I
-.8?_.. 0 i;;, vj ’;;“?” |

s,ﬁ,_. 7o 7?!9!6’?3!:1

’ef . ’j?ﬂ "'%]‘}c"".';"iu

R R it
€m 7}&1 o '}ga"'i’gu :
- - S H___._

| o

(18)

In Eq. 18, the ¢%’s and ¢”s are the orbital
energies of the antibonding and bonding
orbitals of the hydrocarbon respectively, and
the A,’s are those of the lone pair orbitals of
the substituents. #;, is the matrix element
between the jth MO ¢; of the hydrocarbon
and the lone pair orbital, #,, of the ath sub-
stituent ; that is,

ye, = f 08P il ode

7} Zf(ﬁﬁ%errﬁ,df

If (ef)', -, ()’ (D', -, (em)', ---, and
(4;)'-+-(i,)' are the exact solutions of the
secular equation, then, because of the in-
variance of trace,

28) S. Nagakura, Mol. Phys., 3, 105 (1960).
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SED"+ D T+33G)"

=$}[€?+sfl+ﬁ2¢ (19)
Accordingly,
26=2 304~ DT+ o= ')
=z$[(e§)'—e;1 (20)

If we approximate (¢7)' by the second order
perturbed energy, then, from Eq. 18,

(s;)'ze;+$(n;,)2/(e;*—z,) (21)
From 20 and 21,
Aeszéé (%0)%/ (5= 124)
=z$$(c§sﬁ,,)2/(s;—z,> (22)

In deriving Eq. 22, we have used the ordinary
approximation,

- f 0% P aibode

—Siet, f $u B otiade =t e @3)
F

where oth substituent is attached to the sth
carbon.

In the case of aminobenzenes, Eq. 22 can
be further simplified”as follows:

4e=2p2[3(ct0)?/ (i = 2)
+2(cia)®/ (2 —2) +§3(C§s)2/(e§ =)

=(0.407) -ns- (—B) (24)

where ns is the number of the substituents;
this equation holds almost exactly.

The approximate MO corresponding to 21
may be written as:

(95'}")'55*"):5+§J(Y)§o)9c/(éf—la)
and the normalized form of (¢})' is:

(@D = 195+ 3175000/ (3= 1)1/

H+3n5a/ (5= 2P (@25)

If (¢;)'"”s are the exact solutions of the
secular equation, there exists the following
relation for the coefficients, c;,’s, of 4, :

S 3l =1
J
Accordingly,
m+n n mo
dg=2[n— >3 31 (c}4)] =231 31(c]a)?  (26)
El g J @
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From 23, 25 and 26, the expression for dgq
may be written as:

rE(c;’s)z { E(C?s)z }-1
=2 Ay } 27
44=2 3" oy ci—nt) | @
where 1,=21=1.2.
If we neglect the second term in the curled
bracket compared to 1, then Eq. 27 can be
rewritten in the following form:

4g=(0.170) - n; (28)

However, because the exact value of 4g for
aniline is 0.155, Eq. 34 is not a very good
approximation.

If we use Eq. 27, the 4q values are calculated
to be 0.160, 0.317 and 0.467 for aniline, m-
PDA and TAB respectively. These values are
fairly close to the exact values and are ap-
proximately proportional to the number of
substituents.

Thus the linear relation between 4e and dg
and the proportionality of these quantities to
ns in the case of aminobenzenes can be ac-
counted for approximately by the perturbation
method.** However, when smaller dx values
are used, the perturbation method becomes
quite a poor approximation.

The calculation of (P;;) by the perturbation
method gives quite poor results. In any way,
we cannot explain the linear relation between
{P;) and 4q for the wide range of parameter
values shown in Fig. 5.

The MO of a substituted benzene can be
written in the LCMO form as follows:

(]
gfhgzzicusb?—l— 2l cicls
f=

where ¢P---¢F are the MO’s of benzene from
the lowest bonding to the highest anti-bonding
orbitals.

From Eg. 29, we can derive the following
equation ;

6-{P12y=21(2cis+cis+cls)

(29)

—23(2chi+ciateta) (30)

v

where >3 means the summation over the
t

vacant orbitals of the substituted benzene.

** The following points should be noted here. In sev-
eral parts of this paper, we have insisted that the perturba-
tion method in the sense of the expansion of the secular
determinant in a series seems to be a poor approximation
for amino-substituted aromatics. The calculation of the
orbital energies and MO's themselves for the occupied
orbitals of these compounds by the perturbation method
is certainly a very poor approximation. Therefore, we
cannot use the perturbation method for the calculation of
the electronic spectra. However, we can use this method to
calculate some ground state quantities, such as 4s and sgq,
expanding only the unoccupied orbitals which are affected
only slightly by the substitution.



1616

On the other hand, the expression for dg
can be written as:

v v L3
dg=233ct,=2 ZSI(I—EIC?J—)

i L j=

=6—2 i(2c?1+cfz+c§3)

-2 g(z.c?”'cﬁmc?s);;z 2(cii+cie)
31
From 30 and 31 we can derive the following

relation between {P;.» and 4q:

(P> =0.5+3)(ck+ ) /6

v
—23Q2c}i+ceiercis)/3—dg/12 (32)
L}

When the ionization potential of the lone
pair orbital of the substituent becomes infinitely
v v
large, 4g, 3¢} and X(2¢ii+cia+cis) ap-
i ¥
v
proach zero, and >Jc}s approaches 1. Thus

{P);> becomes the bond order of benzene, 2/3.
Even in the case of amino-substituted ben-

zene, $(r:§1+c§5) may perhaps be close to
unity and X:I(Zc?1+c§2+c§3), to zero. For
example, in the case of aniline, $(CE1+C?6)=
0.986, $(2c31+c§2+c§3):0.007, and :2_(62,-1+

%) =0.971, while 3(2¢%, + ¢}, +¢%s) =0.014 for

m-PDA. Thus, the sum of the first two terms
in the right-hand side of Eq. 32 is approxi-
mately equal to the bond order of benzene,
:and the sum of the 3rd and the fourth terms
imay be close to (0.1)-4q.

In this way, we can “ understand™ to some
£xtent the linear relation between {Pi;) and

(P>

Fig. 7. <Pi2> versus dgq relation for some sub-
stituted naphthalenes. .
(1)—(6): dx=1.5, Bcx=0.78 (Taken from

K. Nishimoto and R. Fujishiro, This Bul-
letin, 35, 390 (1962) and Ref. 27)
(D, B): dx=1.2, Pcx=24§ (Taken

Ref. 9)

from
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Adg, although this is not a “proof™ of the
relation in Eq. 17, which holds for a wide
range of Hiickel MO parameters.

This sort of approximate linear relation
between (P;.> and 4g holds not only for the
benzene derivatives but also for the naph-
thalene derivatives, as Fig. 7 shows, although
there is a slight difference between the a- and
B-derivatives in this case.

A Comparison of the Calculated Dipole Mo-
ments of Aniline in the Ground State, as Well
as in the Excited State, with the Experimental
Values. — Using the wave functions given in
Tables I and II, we have calculated the =-
moment of aniline and compared it with the
observed values.

The theoretical expression for the dipole
moment in terms of the state function, ¥, is
given by :

2= | M)
M=>e.r.

(33)
where

e. and r. are the charge and the position
vector of rth particle respectively. In the
m-electron approximation, M can be separated
into two parts:

M=e>r;+>e.r:

The first summation is over =-electrons, and
the second, over the cores.

The necessary formulas for the expansion
of 33 have been given elsewhere.!"2:2%

The ground state dipole moment of aniline
has been calculated to be:

2.20 D. (Approximation A)

and 1.72 D. (Approximation B)

On the other hand, from the experimental
value Smith®” has estimated the z-moment of
aniline to be ~1.67 D., which is very close to
the value calculated with Approximation B.

In addition to this study of the ground
state dipole moment, we have calculated the
z-moment in the lowest-excited singlet state.

On the other hand, we can use the differ-
ence between the solvent shifts of the absorp-
tion and fluorescence spectra in order to get
experimental information on the electronic
structure of the excited molecule.?®:33%

We have measured the absorption and
fluorescence spectra of aniline in several
solvents. The light source for the fluorescence
measurement was a 300 W. Xenon discharge

29) M. Mataga, This Bulletin, 36, 654 (1963).

30) J. W. Smith, J. Chem. Soc.. 1961, 81.

31) N. Mataga et al., This Bulletin, 28, 690 (1955); 29,
465 (1956).

32) E. Lippert, Z. Naturforsch., 10a, 541 (1955) ; Z. Elektro-
chem., 61, 962 (1957).

33) E. G. McRae, J. Phys. Chem., 61, 562 (1957).
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tube with a stabilizer. The fluorescence was
excited at 285 my, the monochromatic exciting
light from the Xenon discharge tube being
taken out by a quartz prism monochromator.
Aniline, which had been purified®®> by the
standard method and stored in a vacuum and
in a dark place, was distilled in a vacuum
before use. The other details of the experi-
mental procedures have been described else-
where, 239

Using the experimental results given in
Table IV and by means of the following
equation,®’+?® we can estimate the difference
between the dipole moment in the excited

state (;ze) and that in the ground state (-p.,);

— - —»
i.e, dp=(ur.—pg), where the excited state is
the fluorescence state.
he(o% — o'f) =~Const.
T D—1 m—1 7 (dp)?
2 - e — e |
T2 opi 2n2+1} @

In Eq. 34, ¢7 and of are the wave num-
bers of a peak of the fluorescence band and
that of the corresponding absorption band re-
spectively. D and n are the dielectric constant
and the refractive index of the solvent respec-
tively, and a is the cavity radius in Onsager’s
theory of the reaction field.

(34)

TaBLE IV. THE WAVE NUMBERS OF THE BAND
MAXIMA OF ANILINE IN SEVERAL SOLVENTS
(in unit of 10¢tcm~1)

Solvent ol a'} o —a”
Cyclohexane 3.48 3.14 0.34
Dichloroethane  3.47 3.07 0.40
n-Butylacetate 3.44 3.00 0.44
Acetonitrile 3.46 2.99 0.47

There are some ambiguities concerning the
magnitude of a, although perhaps a=2~25A.

- .
For these a values, 4 values are estimated to

be 2~2.5D. because (d;)z/a3~2000 cm™ L.
It should be noted here that, if the change
in the m-electronic structure induced by the

—_
electronic excitation is small, the observed Ju
value represents approximately the difference
between the m-moment in the excited state
and that in the ground state. The theoretical

A}: values are calculated as follows:
412:4.82 D. (Approximation A)

and A_;=4.12 D. (Approximation B)
Although the theoretical values are a little
larger than the experimental values, their
order of magnitudes is the same.
34) N.Mataga and 5. Tsuno, This Bulletin, 30, 711 (1957).

35) N. Mataga, Y. Torihashi and Y. Kaifu, Z. Phys. Chem.
N.F., 34, 379 (1962).
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In our previous work?® on the experimental

—>
and theoretical estimation of the dg values
of naphthylamines, it has been argued that

-
the MO calculation may overestimate the Jgu
values.

If the calculated d; value in the present
case is reduced by multiplying by the same
factor as before, i.e., 1/4, then the theoretical
value becomes smaller than the experimental
value, as was the case in the previous work.

In the case of naphthylamines, it has been
suggested that the structure of the amino group
changes a little during the life time of the
excited state and that this is the cause of the

observed value of J?; being larger than the
theoretical value.

However, it is not quite certain whether or
not the same factor to reduce the calculated

Ap value as for naphthylamines is appropriate
in the present case. Therefore, we cannot
discuss in detail the structural change of the
amino group during the life time of the excited
state.

Summary

The electronic spectra and electronic struc-
tures of amino substituted benzenes have been
studied by the semiempirical MO method,
with the explicit inclusion of the electron .
repulsion.

According to the calculated results, we can
interpret the difference between the spectra of
various poly-substituted aminobenzenes; also,
the calculated excitation energies and oscil-
lator strengths are in satisfactory agreement
with the observed values.

The relation between the present calculation
and the simple Hiickel MO calculation has
been analyzed. Moreover, several interesting
relations between the Hiickel MO quantities
of substituted benzenes and naphthalenes have
been demonstrated and discussed.

The calculated m-moment of aniline in the
ground state is in satisfactory agreement with
the experimental value. Furthermore, the
z-moment of aniline in the lowest excited
singlet state has been calculated and compared
with the experimental value obtained from the
measurement of the solvent shifts of the ab-
sorption and fluorescence spectra.

The present author wishes to express his
hearty thanks to Dr. Kichisuke Nishimoto and
Dr. Shizuyo Mataga for their helpful discus-
sions.

Faculty of Science

Osaka City University
Sumiyoshi-ku, Osaka
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APpENDIX I. HUcCkeL MO’s AND MO ENERGIES OF ANILINE AND ISOMERIC PDA’s
(MO ENERGIES ARE IN UNITS OF f)

MO energy MO
Aniline
2.2565 ¢1(bg) =0.3556 (¢p2+ ¢s) +0.2596 (P2’ + dgr) +0.23016,++0.5429¢,+0.51404,
1.5712 P2(bg) =0.1203 (gh2+ ¢b3) +0.4037 (g2 + ¢3r) +0.5139¢,, —0.2145¢, —0.5782¢,
1.0000 ¢s(ag)=0‘5m0(gﬁg—¢s)+0.5000(¢2f—‘¢3’)
0.5750 &a(bg) =0.3866(Go+ ds) —0.1332(dar + dar) —0.4634,+0.35566, — 0. 569244
—1.0000 @5 (az) =0.5000 (p2— $5) —0. 5000 (Gor — By
—1.1431 ¢e(bz) =0.2001 (po+ ¢3) +0.3297 (dar + dar) —0.5771 61 —0.5585¢,+0.238440,
—2.0596 957 (bg) =0.4113 (¢2+ 953) —-0. 3779(¢2' + {.‘53‘) +0.3669§5|’ —0.4691@51 +0. 1439¢1
P|1=0.934, Pzzﬂ 1 .081, Pg'2'=‘0.996, P1f1f= 1.064, P“= 1.845
p-PDA
2.3503 @1 (byu) =0.3100(go+ dor+ Gs+ par) +0.4186 (B + 610) +0.3639 (s + Gyr)
1.9708 @2 (bag) =0.1395 ($o— for -+ da— Bar) +0.4144(§1— 611) +0.5376 ($4— 6a7)
1.1299 ¢3(bre) =0.3028 (Go+ dor + da+ Bar) +0.0393 (1 +$17) —0.5612(pa+ dar)
1.0000 &a(b2g) =0.5000 (Go+ Gor — ps— Bar)
0.3370 @5 (Dag) =0.2842 (o — or -+ ps— Pgr) +0.3799 (f1— b1v) —0.4403 (s — @)
~1.0000 Je(au) =0.5000 (g2 — o’ — ps+ pyr)
—1.2802 &1 (byu) =0.2493 ($o+ or + Ga+ Gar) —0.5684(d1+ 1r) +0.2292 (s + G
-2.1077 ¢g(bag) =0.3869(gs— dar + d3— Par) —0.4285(d1— d17) +0.1295(dy— da’)
P;;=0.986, Py;=1.076, P;;=1.860
o-PDA
2.4120 @1(b2) =0.2799(¢1+ $17) +0.4769 (p2+ gor) +-0.1982(ps+ dar) +0.3935(ha+ dhar)
1.7094 ¢2(az) =0.2252(¢1—$17) +0.3018($2— ¢por) +0.0830($a— ¢har) +0.5926 ($4— gar)
1.5231 ¢3(b2) =0.2827($1+ 1) —0.1098 (g2+ par) +0.5406 (gs+ dar) —0.3403 (d4+ par)
0.7930 Ga(ag) =0.5421 (61— $rv) +0.1275(da— dar) +0.3023 (¢ — dar) —0.3135 (s — h47)
0.3509 s (b2) =0.2049 (63 + 61/) +0.3876 ($o+ par) —0.3156 (p3+ ar) —0.4564(B4+ Bar)
~1.0859 @ (bz) =0.5475 (¢1+ g1r) —0.3320(Po+ por) —0.2624 (G5 + psr) +0.1452 (G4+ par)
—1.1841 ¢a(az) =0.0983 (¢, —d1') +0.4177(do—ar) —0.5341 (da—¢ar) —0.1752 (s — dy’)
—~2.1183 ¢s(az) =0.3815(¢; —$1r) —0.4671 (P2 — dor) —0.3411 (g3 — gar) +0.1408 ($s — gar)
Py;=1.090, P:=0.994, Py=1.059, P;y=1.860
m-PDA
2.3640 ¢1(b2) =0.2841 ($2+¢3) +0.4313(P2r + $ar) +0.24046; +0.3650¢1- +0.3707 (ps+ ¢ur)
1.9168 $2(az) =0.2057(p2— @) +0.3941 ($or — pgr) +0.5498 (¢4 — Bar)
1.3450 ¢3(bz) =0.4008 (¢2+ ¢a) —0.0568 (o’ + Par) +0.5962¢, —0.0848¢,» —0.3931 (¢4 + ¢yr)
0.6696 ¢@4(b2) =0.0962(Po+¢3) —0.2232(Por + gar) +0.2876¢, —0.6666¢+0.4210 (s + gyr)
0.5102 &5 (az) =0.5259 (d2— gg) +0.2683 (G — gr) —0.3890 (G4 — por)
—1.0684 ¢g(bs) =0.3275(@2+ ¢3) +0.2633 (ghar + dar) —0.6134¢; —0.4930¢,, —0.1162(ds+ dyr)
—1.2271 ¢7(as) =0.4255(ga— ¢b3) —0.5221 (dor — par) +0.2152(Ps— Pyr)
2.1 ]01 gf)s (bz) =0. 3763{{524- 9‘53} —'0.4373(?‘52’ +¢3') '—0. 356?¢1+0.4145¢1" +0. 1321 (gﬁ.{"r‘ ¢|')

P;;-—-0.992, P23=1.139, Pa’ef=0.933, P1:1;=l,170, Pu"—'l-846

ApPPENDIX II. VESCF MO’s AND MO ENERGIES OF p-PDA (MO ENERGIES ARE IN UNITS OF eV.)

MO energy MO
~13.6929 G1(bru) =0.3435(Bo-t Gor+ G-+ Gar) +0.4406 (61 + d1r) +0.2642(d4+ b7
—12.2245 P2(bag) =0.1711 (G2 — o + @3 — ¢yr) +0.4903 (g1 — ¢17) +0.4484 (s — ¢yr)
— 9,9838 @3 (bag) =0.5000( g2+ o — d3— 3)
— 9.5396 ¢4(b1u) =0.2674 (o + Por + Pat+ dar) —0.0605($1+ $17) —0.5943 (s + dur)
— 7.4495 s (Dag) =0.2645 (¢2— par + da— ar) +0.2938 (61— 17) —0. 5232 ($s— $a)
— 0.4914 Fo(aw) =0.5000(fo— o' — pa+ Ga)
0.0951 $(Bra) =0.2457(Go+ Gar+ ds+ g3r) —0.5498 (¢1+ 17) +0.2775 (64 + Sa7)
2.6572 Po(bsg) =0.3882(go— G+ 63— d3) —0.4162(51— 611) +0.1589 (g — 64)

Py =1.049, Py:=1.077, Puu=1.79



